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Warm-up: Two lists on an edge

s O—0) v

Color an edge uv properly: the two colors must be different.
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#(AB) = #{c coloring : c(u) € A, c(v) € B, c(u) # c(v)}.
Example: A= {1,2}, B={2,3}.

#(BA) =3

#(AA) =2  #(BB)=2  #(AB)=3
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Warm-up: Two lists on an edge

TeNor
Color an edge uv properly: the two colors must be different. For lists A, B C [q], let

#(AB) = #{c coloring : c(u) € A, c(v) € B, c(u) # c(v)}.

Example: A= {1,2}, B={2,3}.

#(BA) =3

#(AA) =2  #(BB)=2  #(AB)=3

#(AA) #(BB) = 4 < 9 = #(AB) #(BA).
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Warm-up: Repulsion on one edge

For every pair of lists A, B C [q],

#(AA) #(BB) < #(AB) #(BA).

Mixing the two ends increases the product of the counts.

IA
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Warm-up: Repulsion on one edge

For every pair of lists A, B C [q],

#(AA) #(BB) < #(AB) #(BA).

Mixing the two ends increases the product of the counts.

IA

Q. What does this one-edge inequality imply for larger graphs?
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Rules of a coloring

A proper 3-coloring gives the two ends of every edge different colors.
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Rules of a coloring

A proper 3-coloring gives the two ends of every edge different colors.

Record this rule as a matrix: H;; = 1 iff colors i and j may sit on the two ends of an edge.

e o o

e/ 011
H=J—-I=e| 1 0 1
e\ 110
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Rules of a coloring

A proper 3-coloring gives the two ends of every edge different colors.

Record this rule as a matrix: H;; = 1 iff colors i and j may sit on the two ends of an edge.

e o o

e/ 011
H=J—-I=e| 1 0 1
e\ 110

For this H,

(# of proper 3-colorings of G) = Z 1{c is proper}
c: V(G)—]3]
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Rules of a coloring

A proper 3-coloring gives the two ends of every edge different colors.

Record this rule as a matrix: H;; = 1 iff colors i and j may sit on the two ends of an edge.

e o o

e/ 011
H=J—-I=e| 1 0 1
e\ 110

For this H,

(# of proper 3-colorings of G) = Z 1{cis proper}
c: (G)—[3]
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Rules of a coloring

A proper 3-coloring gives the two ends of every edge different colors.

Record this rule as a matrix: H;; = 1 iff colors i and j may sit on the two ends of an edge.

e o o

e/ 011
H=J—-I=e| 1 0 1
e\ 110

For this H,

(# of proper 3-colorings of G) = Z 1{cis proper}
c: (G)—[3]

Yo II Hewe (+)

c: V(G)—[3] uveE(G)

For a general matrix H, (x) defines hom(G, H), the number of H-colorings of G.
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H-colorings

H: a symmetric, entrywise nonnegative g X g matrix.

hom(G, H) = Z H Hc(u)c(v)'

c: V(G)—[q] uveE(G)
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H-colorings

H: a symmetric, entrywise nonnegative g X g matrix.

hOI’T‘I(G7 H) = Z H Hc(u)c(v)'

c: V(G)—[q] uveE(G)
If His a 0—1 matrix, this counts the number of H-colorings.

For general H, this counts the weighted number of H-colorings.
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H-colorings

H: a symmetric, entrywise nonnegative g X g matrix.
hom(G, H) = Z H Hc(u)c(v).
c: V(G)—[q] uveE(G)
If His a 0—1 matrix, this counts the number of H-colorings.

For general H, this counts the weighted number of H-colorings.

H=J-1 hom(G, H) : # of proper g-colorings
o o
Hing = : ( } (1) > hom(G, Hinq) : # of independent sets
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Main question

hom(G, H) := # of H-colorings of G.
H=J-1 hom(G, H) : # of proper g-colorings

Hina = <i é) hom(G, Hinq) : # of independent sets
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hom(G, H) := # of H-colorings of G.
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Among d-regular graphs, a clique Ky;1 minimizes the normalized number of
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Among d-regular graphs, a clique Ky;1 minimizes the normalized number of
» proper colorings (Csikvari '17);
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Main question

hom(G, H) := # of H-colorings of G.
H=J-1 hom(G, H) : # of proper g-colorings

Hina = <i é) hom(G, Hinq) : # of independent sets

Among d-regular graphs, a clique Ky;1 minimizes the normalized number of
» proper colorings (Csikvari '17);
» independent sets (Cutler—Radcliffe '14).

In other words, for H € {J— I, Hina} and a d-regular G of order n,
hom(G, H)'/" > hom(Kgs1, H)'/(*H).

Q. What makes both matrices (or coloring models) clique-minimizing?
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From lists to weights

Recall: VA, B C [q], #(AA) #(BB) < #(AB) #(BA). ®)—®) @—B) < (A—B) B—®)
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From lists to weights

Recall: VA, B C [q], #(AA) #(BB) < #(AB) #(BA). ®)—®) @—B) < (A—B) B—®)

For proper colorings, H= J— | and #(AB) = IXHIB. The inequality becomes
(LAH1)(15H1p) < (14 H1p)>.
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From lists to weights

Recall: VA, B C [q], #(AA) #(BB) < #(AB) #(BA). ®)—®) @—B) < (A—B) B—®)

For proper colorings, H= J— | and #(AB) = IXHIB. The inequality becomes
(1AH14)(15H1p) < (1, H1p)%.

Replace the lists by arbitrary x,y € (R>)%:

[ (x"Hx)(y" Hy) < (x" Hy)? (reverse Cauchy-Schwarz). ]
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From lists to weights

Recall: VA, B C [q], #(AA) #(BB) < #(AB) #(BA). ®)—®) @—B) < (A—B) B—®)

For proper colorings, H= J— | and #(AB) = IXHIB. The inequality becomes
(1AH14)(15H1p) < (1, H1p)%.

Replace the lists by arbitrary x,y € (R>)%:

[ (x"Hx)(y Hy) < (x" Hy)? (reverse Cauchy-Schwarz). ]

(H=1lgives (G4 +xXX) )3+ +y2) > (xay1 + - + Xq¥q)?, the usual CS.)
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(Anti)ferromagnetic matrices

H: symmetric, entrywise nonnegative.
I Definition H is antiferromagnetic if
(x"Hx)(y"Hy) < (x"Hy)* Vx,y >0.

reverse Cauchy—Schwarz
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(Anti)ferromagnetic matrices

H: symmetric, entrywise nonnegative.
I Definition H is antiferromagnetic if
(x"Hx)(y"Hy) < (x"Hy)®> Vx,y >0.
reverse Cauchy—Schwarz

Examples: J— I (proper colorings), Hing (independent sets)

(11) 11)> (0 < b < 1) (antiferromagnetic Ising)
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(Anti)ferromagnetic matrices

H: symmetric, entrywise nonnegative.

I Definition H is antiferromagnetic if

(x"Hx)(y"Hy) < (x"Hy)> V¥x,y > 0.

Examples: J— I (proper colorings), Hing (independent sets)

<11) 11)> (0 < b < 1) (antiferromagnetic Ising)

I Definition H is ferromagnetic if it is positive semidefinite:

(x"Hx)(y"Hy) > (x' Hy)* Vx,y >0.

b 1

Examples: /, (1 b

) (b > 1) (ferromagnetic Ising)

Jaehyeon Seo, Antiferromagnetic = clique-minimizing

reverse Cauchy—Schwarz

Cauchy-Schwarz
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Number of H-colorings

Q. How large/small is the number of H-colorings?

(Unifies # of independent sets, proper colorings, ...)
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Number of H-colorings

Q. How large/small is the number of H-colorings?

(Unifies # of independent sets, proper colorings, ...)

Q. For a given H, which G minimizes/maximizes hom(G, H)'/"?

I Theorem (Sah—-Sawhney—Stoner—Zhao '20) Every ferromagnetic H is clique-maximizing:

hom(G, H)/" < hom(Kgy1, H)* (41 ¥ deregular G.
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Number of H-colorings

Q. How large/small is the number of H-colorings?

(Unifies # of independent sets, proper colorings, ...)

Q. For a given H, which G minimizes/maximizes hom(G, H)'/"?

I Theorem (Sah—-Sawhney—Stoner—Zhao '20) Every ferromagnetic H is clique-maximizing:

hom(G, H)/" < hom(Kgy1, H)* (41 ¥ deregular G.

Indeed, an analogous inequality holds for all general G:

hom(G, H) < H hom(Ky, 41, H)Y/(@+1),
vEV(G)

(dy: degree of v)
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Cliques as extremizers

I Theorem (Sah-Sawhney-Stoner-Zhao '20) Every ferromagnetic H is clique-maximizing:

hom(G, H) < H hom(Ky,+1, H)l/(dv+1) e
ve V(G)
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Cliques as extremizers

I Theorem (Sah-Sawhney-Stoner-Zhao '20) Every ferromagnetic H is clique-maximizing:

hom(G, H) < H hom(Kg, 41, H)Y/ (4 +1) VG,
ve V(G)

Reverse Cauchy—Schwarz on one edge suggests reversing this inequality.

I Conjecture (Lee-S. '26a+) Every antiferromagnetic H is clique-minimizing:

hom(G,H) > [] hom(Ka,41, H)/@ ) vG.
ve V(G)
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Main results

I Theorem (Lee-S. '26b+) Every antiferromagnetic H is clique-minimizing:

hom(G,H) > ] hom(Kg, 1, H)"/(*+D)
ve V(G)

Equality holds when G is a disjoint union of cliques.

Jaehyeon Seo, Antiferromagnetic = clique-minimizing

VG.

10/13



Main results
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hom(G,H) > J] hom(Ka1, )Y/ vG.
ve V(G)

Equality holds when G is a disjoint union of cliques.

This unifies the following:
» Hing: independent sets (Cutler—Radcliffe '14; Sah—Sawhney-Stoner-Zhao '19).
» J— I proper colorings (Csikvari '17).
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This unifies the following:
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» J— I proper colorings (Csikvari '17).
» Semiproper colorings with two proper colors (Lee-S. '26a+)
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Main results

I Theorem (Lee-S. '26b+) Every antiferromagnetic H is clique-minimizing:
hom(G,H) > J] hom(Ka1, )Y/ vG.
ve V(G)

Equality holds when G is a disjoint union of cliques.

This unifies the following:
» Hing: independent sets (Cutler—Radcliffe '14; Sah—Sawhney-Stoner-Zhao '19).
» J— I proper colorings (Csikvari '17).
» Semiproper colorings with two proper colors (Lee-S. '26a+)
> Resolves a conjecture on antiferromagnetic Ising models (Davies—LeBlanc '24+)
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Main results: vertex weights

We can generalize hom(G, H) by introducing vertex weights.
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Main results: vertex weights

We can generalize hom(G, H) by introducing vertex weights.

Special cases are related to familiar generating polynomials:
» H=J— I chromatic symmetric polynomial (Stanley '95)
> Further take G = K),: elementary symmetric polynomial e,

» H = Hi,q: independence polynomial

Jaehyeon Seo, Antiferromagnetic = clique-minimizing

11/13



Main results: vertex weights

We can generalize hom(G, H) by introducing vertex weights.

Special cases are related to familiar generating polynomials:
» H=J— I chromatic symmetric polynomial (Stanley '95)
> Further take G = K),: elementary symmetric polynomial e,

» H = Hi,q: independence polynomial

| Theorem (Lee-S. "26b+)

[ clique-minimizing with arbitrary vertex weights
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Main results: vertex weights

We can generalize hom(G, H) by introducing vertex weights.

Special cases are related to familiar generating polynomials:
» H=J— I chromatic symmetric polynomial (Stanley '95)
> Further take G = K),: elementary symmetric polynomial e,

» H = Hi,q: independence polynomial

| Theorem (Lee-S. "26b+)

[ clique-minimizing with arbitrary vertex weights <= antiferromagnetic }
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Proof methods

Lorentzian polynomials (Brandén—Huh '20): framework for describing negative dependence.

Lying between algebraic combinatorics and algebraic geometry.
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Lying between algebraic combinatorics and algebraic geometry.

For a fixed target H, consider Z!!(x), which is a “weighted" hom(Ky,, H).
In particular, Z!(1) = hom(K,, H).

I Lemma (Lee—-Oh-S. '25+) If H is antiferromagnetic, then ZH(x) is Lorentzian.
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Proof methods

Lorentzian polynomials (Brandén—Huh '20): framework for describing negative dependence.

Lying between algebraic combinatorics and algebraic geometry.

For a fixed target H, consider Z!!(x), which is a “weighted" hom(Ky,, H).
In particular, Z!(1) = hom(K,, H).

I Lemma (Lee—-Oh-S. '25+) If H is antiferromagnetic, then ZH(x) is Lorentzian.

We use the properties of Lorentzian polynomials to prove entropy inequalities.

Jaehyeon Seo, Antiferromagnetic = clique-minimizing 12/13



Summary

Q. For a given H, which G minimizes/maximizes the normalized hom(G, H)?

reverse Cauchy—Schwarz antiferromagnetic

Cliques (LS '26b+)

H minimizer maximizer
Cauchy-Schwarz ferromagnetic ? Cliques (SSSZ '20)
?
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?

Q. Which other H are clique-minimizing?

The class is strictly larger than the antiferromagnetic matrices.
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Summary

Q. For a given H, which G minimizes/maximizes the normalized hom(G, H)?

reverse Cauchy—Schwarz antiferromagnetic

Cliques (LS '26b+)

H minimizer maximizer
Cauchy-Schwarz ferromagnetic ? Cliques (SSSZ '20)
?

Q. Which other H are clique-minimizing?

The class is strictly larger than the antiferromagnetic matrices.

Q. For other H, what are minimizers/maximizers?

Jaehyeon Seo, Antiferromagnetic = clique-minimizing
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Appendix

1. Strategy and Lorentzian polynomials
2. Entropy: climbing clique sizes
3. A local inequality for independent sets

4. Ferromagnetic matrices and Cauchy—Schwarz
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Strategy

Induct on |V(G)|:

1. Peel off a vertex w of maximum degree A and fix its

color a. ®
2. Neighbors' weights get multiplied by H,,. V@ ]
3. Log-convexity ~~ one local inequality per neighbor v, \ /
of degree d < A. "
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Strategy

Induct on |V(G)|:

1. Peel off a vertex w of maximum degree A and fix its

color a. ®
2. Neighbors' weights get multiplied by H,,. V@ ]
3. Log-convexity ~~ one local inequality per neighbor v, \ /
of degree d < A. "
Two cases:

» d= A: concavity (Lorentzian polynomials);
> d < A: climbing from Kyy1 to Kai1 (entropy).
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Lorentzian polynomials

I Definition (Brandén—Huh '20; Anari-Liu—Oveis Gharan—Vinzant) A homogeneous > 0 of
degree d is Lorentzian if

» its support is M-convex, and
> every (d — 2)-th partial derivative is x" Qx with Q having < 1 positive eigenvalue.
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Lorentzian polynomials

I Definition (Brandén—Huh '20; Anari-Liu—Oveis Gharan—Vinzant) A homogeneous > 0 of
degree d is Lorentzian if

» its support is M-convex, and
> every (d — 2)-th partial derivative is x" Qx with Q having < 1 positive eigenvalue.

Degree 2: x' Hx is Lorentzian <= H is antiferromagnetic.

Lorentzian = repelling in degree d.
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Lorentzian polynomials

I Definition (Brandén—Huh '20; Anari-Liu—Oveis Gharan—Vinzant) A homogeneous > 0 of
degree d is Lorentzian if

» its support is M-convex, and
> every (d — 2)-th partial derivative is x" Qx with Q having < 1 positive eigenvalue.

Degree 2: x' Hx is Lorentzian <= H is antiferromagnetic.

Lorentzian = repelling in degree d.

Examples:
> ex(x): the elementary symmetric polynomial;

> basis generating polynomials of matroids (Mason’s conjecture).
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Basic properties

If fis Lorentzian of degree d-:

1. laox) (a>0) and >, bi0;f (b > 0) are Lorentzian;
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Basic properties

If fis Lorentzian of degree d-:

1. laox) (a>0) and >, bi0;f (b > 0) are Lorentzian;
2. /9 is concave on RZ,, which gives the tangent-plane inequality

A/9z) < VA4(x) - z.
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The clique polynomial

I Lemma (Lee-Oh-S.) If H is antiferromagnetic, then

Zﬂ,(x) = Z H H (i) c(j) HXCI

c: [ml—=[q] i<

is Lorentzian.
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The clique polynomial

I Lemma (Lee-Oh-S.) If H is antiferromagnetic, then

Zﬂ,(x) = Z HH (1) () H Xc(i)

c: [ml—[q] i<j i=1
is Lorentzian.
Proof: 0,781 | (x) = (m+ 1) Zt(H, o x).
» Pin one clique vertex to color «; the other weights are multiplied by the row H,.
> Induct down to Z4 = xT Hx.
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The clique polynomial

I Lemma (Lee-Oh-S.) If H is antiferromagnetic, then

Zﬂ,(x) = Z H H (1) () H Xc(i)

c: [mi—~la] i<j =1
is Lorentzian.
Proof: 0,781 | (x) = (m+ 1) Zt(H, o x).
» Pin one clique vertex to color «; the other weights are multiplied by the row H,.
> Induct down to Z4 = xT Hx.
» Example: for H=J— [ (nx n), ZI' = k! ex(x).
> Concavity of (Z{_;)Y/(A+D) gives the case d = A.
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Shearer’s inequality, sharpened

I Lemma (Shearer '86; Han '78) For any random vector X = (X,..., Xin),

_Z H(Xpmp\j) = (m — 1) H(X).

Behind Kahn's entropy proof that bicliques maximize. Here: cliques minimize.
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Shearer’s inequality, sharpened

I Lemma (Shearer '86; Han '78) For any random vector X = (X,..., Xin),

m
> H(Xjmpy) = (m — 1) H(X).
j=1
Behind Kahn's entropy proof that bicliques maximize. Here: cliques minimize.

I Lemma (refined Shearer; Lee-S.) If X is exchangeable and E xTX) is Lorentzian,
D H(Xpmpy) = (m = 2)H(X) + D H(X).
j=1 =1

> Gain: the total correlation >, H(X;) — H(X) > 0.

» Example: a uniformly random proper coloring of K.
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Engine: one coordinate carries a 1/m share

I Lemma Let p, v be exchangeable laws on [g]™. If v is Lorentzian, then

D(p1 || 1) < % D(p || v).-

Jaehyeon Seo, Antiferromagnetic = clique-minimizing 7/12



Engine: one coordinate carries a 1/m share

I Lemma Let p, v be exchangeable laws on [g]™. If v is Lorentzian, then
D(p1 || 1) < % D(p || v).-

» Concavity of the 1/m-th power of the generating polynomial of v
+ the Donsker—Varadhan formula.

> A multiset analogue of entropic independence (Anari-Jain—Koehler—Pham-Vuong).
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Engine: one coordinate carries a 1/m share

I Lemma Let p, v be exchangeable laws on [g]™. If v is Lorentzian, then
D(p1 || 1) < % D(p || v).-

» Concavity of the 1/m-th power of the generating polynomial of v
+ the Donsker—Varadhan formula.

> A multiset analogue of entropic independence (Anari-Jain—Koehler—Pham-Vuong).

Under repulsion, one coordinate carries only a 1/m share of the information.
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Climbing clique sizes

— ANV N

Km m copies of K,—1; each edge survives in m — 2
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Climbing clique sizes

— ANV N

Km m copies of K,—1; each edge survives in m — 2

Gibbs variational principle: the normalized clique count becomes an optimized pressure

Fn = sup{Eu Un + H(X) — E H(XJ)} (1 exchangeable Lorentzian).
m -
j
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Climbing clique sizes

— ANV N

Km m copies of K,—1; each edge survives in m — 2

Gibbs variational principle: the normalized clique count becomes an optimized pressure
Fn= sup{EM Um + H(X) — ZH(XJ)} (1 exchangeable Lorentzian).
" -
j
> Energy: > Un—1(X—)) = (m —2) Un(X). Entropy: refined Shearer.

> Together: mFp_1 > (m—2) Fp,.
Far1 <0 (concavity) = Fyya <0= -+ = Fay1 < 0: the case d < A.
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Recurrence for the local inequality

For H = H;,q with vertex weights A\, on “occupied”, the recurrence reduces the theorem to the
following local inequality.

FOFAZl,lgdl,...,dASA, and )\07/\1,~~,)\A20|

A A
[T+ XY 4+ 20 > (1+ (A + 1)) /AT + (d + DAY/,
i=1 i=1
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Ferromagnetic matrices

| Theorem (Sah-Sawhney-Stoner-Zhao '20) If H > 0 is positive semidefinite, then for every
graph G,
hom(G,H) < [ hom(Ka,1, )M+,
ve V(G)
» The same with vertex weights.
> One edge: (x' Hy)? < (x" Hx)(y" Hy) Vx,y >0 <= His PSD.
So, with vertex weights: clique-maximizing <= PSD.
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Ferromagnetic matrices

| Theorem (Sah-Sawhney-Stoner-Zhao '20) If H > 0 is positive semidefinite, then for every

graph G,
hom(G,H) < [ hom(Ka,1, )M+,
veV(G)
» The same with vertex weights.
> One edge: (x' Hy)? < (x" Hx)(y" Hy) Vx,y >0 <= His PSD.
So, with vertex weights: clique-maximizing <= PSD.

» A 0-1 PSD matrix with no zero rows has all-ones diagonal blocks of sizes sj:

hom(G, H) = H Z slkq.

components C  k

Nontrivial examples have other entries, e.g. the ferromagnetic Ising model.
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Cauchy-Schwarz and positive semidefiniteness

Throughout, H is symmetric and entrywise nonnegative.
| Fact His PSD if and only if
(x"THy)? < (x"Hx)(y " Hy) for all x,y > 0.
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Cauchy-Schwarz and positive semidefiniteness

Throughout, H is symmetric and entrywise nonnegative.
| Fact His PSD if and only if
(x"THy)? < (x"Hx)(y " Hy) for all x,y > 0.
Proof of the converse. Write any z € R9 as z = x — y, with x,y > 0. Entrywise
nonnegativity and Cauchy-Schwarz give
z ' Hz=x"Hx+y Hy—2x"Hy
> (\/xTHx— \/yTHy)2 > 0.

The forward implication is the usual Cauchy—Schwarz inequality for a PSD form.

Jaehyeon Seo, Antiferromagnetic = clique-minimizing

11/12



Reverse Cauchy—-Schwarz and the spectrum

Let H # 0 be symmetric and entrywise nonnegative, and put Q(x) = x' Hx.

> If H has at most one positive eigenvalue, its restriction to span{x,y}, for independent
X,y > 0, has determinant at most zero:

Q(x)Q(y) — (x" Hy)* <0.

» Conversely, fix x > 0. For x" Hz = 0, apply reverse Cauchy-Schwarz to x and x + tz > 0,
with t # 0 sufficiently small:

Qx)(QX) + £Q(z)) < Qx)*,  so Qz) <0.

Thus @ is nonpositive on a codimension-one subspace. Dependent vectors give equality;
boundary vectors follow by continuity.
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