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Caro-Wei theorem

Bound from max degree Caro-Wei
n n 1
a(G) > > a(G) > Y
X(G) T A+1 o) d, +1

——— Vertices in N(v) ———

ain - O—O—@—@—@—@—O—

order

v comes first in N[v]

Caro (1979); Wei (1981).
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Triangle-free graphs

a(G) = (1 —o(1))

Jaehyeon Seo

1980-81
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Q(nlog d/d)
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nlogd

2

fortriangle-freeG = R(3,k) < (1 + 0(1))m
g

1983 1991 2017-18
Shearer Shearer DJPR
average degree degree sequence occupancy

method

Ajtai-Komlos-Szemerédi (1980/81); Shearer (1983/91); Davies-Jenssen-Perkins-Roberts (2017/18).
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Hard-core model

’ Zs(A
G( ) vel
Small \ A=1 Large \
mostly small sets uniform over all sets near maximum sets

a(G) > EealX|= > p.  p,=P(veX).

veV(G)
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Occupancy conjecture

Conjecture (Davies-Kang)

’ A
Ega|X| > A>0
SAEDD 1+ (dy + 1)\ (A>0)

veV(G)
hard-core occupancy A — 00 maximum )
finite A independent sets Caro-Wei

Davies-Kang (2025), Conjecture A.
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Local constraint, A\ = 1

X is uniformly random in Z(G)

Foreachu € V(G):

pe = P(u € X) = S P(¥ = 0)

2
Y = IN(u) N X|
Ev=3 p, EY>P(Y>1)=1—P(Y=0)
veN(u)
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Local constraint, A\ = 1

X is uniformly random in Z(G)

Foreachu € V(G):

pe = P(u € X) = S P(¥ = 0)

2
Y = |N(u) N X|
]Eyzzpv EY>P(y>1)=1—-P(Y=0)
veN(u)
Immediate consequence
.+ Y p=1 sum over u . "
EN| d, < A
vEN(u) G, “A12
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Local constraint, general A

X follows the hard-core model with positive fugacity vector A

Foreachu € V(G):

Ay
=P X) = P(Yy=0
pll (U€ ) l+>\u ( )
Y = N(u) N X|
Ev=3 p EY>P(Y>1)=1-P(Y=0)
vEN(u)

Immediate consequence

sum over u

14+ )p, +
Y Pu
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py>1 E ’X’> n
veN(u A = T
EN(w) Lo, A+1+1/)
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Local occupancy

For 3,7, A € [0,00)"(®), G has local (3, 7, X)-occupancy if Vu,

ﬁuPG’)‘(U GX) + Y Z ]P)G’)‘(V EX) > 1.

VENG(U)

A weighted balance:
u versus N(u).

Davies-Jenssen-Perkins-Roberts (2017/18); Davies-Kang-Pirot-Sereni (2020+); Davies-Sandhu-Seo-Tan (2026+).
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Local occupancy

For 3,7, A € [0,00)"(®), G has local (3, 7, X)-occupancy if Vu,

ﬁuPG’)‘(U GX) + Y Z ]P)G’)‘(V EX) > 1.

VENG(U)

A weighted balance:
u versus N(u).

Graphs with

specific properties _)[ Loweall ({2, 04) o petiey ]_) Desired results

Davies-Jenssen-Perkins-Roberts (2017/18); Davies-Kang-Pirot-Sereni (2020+); Davies-Sandhu-Seo-Tan (2026+).
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Theorem 1 Results - 1/3

Occupancy conjecture, general [ multivariate, restricted A ]

Let G have maximum degree A, and let 0 < )\, < 1/A foreveryv. Then

Ay
EealX| > > .
veV(G) 1+ (dv + 1A

Davies-Sandhu-Seo-Tan (2026+), Theorem 1.
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Theorem 2 Results - 2/3

Degree-sequence bound, locally sparse [ univariate, restricted \

Approximate form
Ifo <X <p1/A,then

sparse G[N(u)]

log(1+ d,\
Ega1lX| Zb Z M
G has bounded local max avg deg: vev(6) v
mad(G[N(u)]) < b Vu.

b = 0: triangle-free

Davies-Sandhu-Seo-Tan (2026+), Theorem 2.
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What changes

General

Triangle-free

Method
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univariate
o(A™?)

degree sequence
oA™Y

induction

Taylor estimates

multivariate
< 1/A

degree sequence
0.109597 /A

spectral LP

no induction

Results - 3/3
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Local constraints to LP Proof - 1/2

BuPu + Vu Z py > 1 Vu

veN(u)
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Local constraints to LP

BuPu + Yu Z py > 1 Vu

veN(u)

}

Primal LP
minimize 17x
subject to (B+TA)x > 1,
x>0

the marginal vector p is feasible

A = adjacency matrix
B =diag(B), T = diag(v)

(.

Dual LP
maximize 1y
subject to (B+AlNy <1,
y=>0

construct one feasible y

Explicit dual certificate
UnderAsmall, y*=(B+AN™1>0 = 17p>1Ty*
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Proof - 1/2
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Neumann series Proof - 2/2

If T is a real square matrix with p(T) < 1, then (/ — Z T*,

spectral radius of T

Let D := diag(d,),L :== D — A,and H := B+ DI, and set

T:=LTH, B+Al = (I — TH.
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Neumann series Proof - 2/2

UsingB+ Al = (I — T)Hand T = LTH .
1'y* =1"B+AN M1 =1"TH'(-T)"1

o0 (o)
=Y 1H T =) q.
k=0 k=0

Goal Theorem 1 Theorem 2
o0
ch Z Co = Z;d Ck Z 0 Vk 2 1 C1 2 |Zk22Ck|
k=0 v Bv el general G locally sparse G
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Takeaway

’ A
(o] ject E X| > - VG, A >0
ccupancy conjecture [Eg 5 |X| > Z T+ (dy+ (VG, )
veVv(G)
Our method

(Multivariate) local occupancy + spectral LP

Theorem 1 Theorem 2
arbitrary graphs, multivariate locally sparse, univariate
0 < A\ < 1/A 0 < XA <, 1/A

[ For arbitrarily large A, the LP must be strengthened. ]
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Full parameters

For Theorem 2, let

Then

Jaehyeon Seo ASIACOMB 2026

Dy = d,(1+ \)Plog(1+ \),
14 D,
boi=—=3 W(D,)(1+ W(Dy))’
1+A D,
W=

A dy(1+w(Dy))

1 A WD)
EX| > = .
||_;6V‘i‘dv7v l+)\; Dy
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Dual conditions

The certificate y* = (B + Al') ~'1 s feasible when

Bus Yoy Av > 0, dvl <1, Ju <1
ﬁv ueN(v) ﬂu
These conditions also give
p(LTH™) <1,

so the Neumann series used in the proof converges.
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Counting corollary

For triangle-free G, integration gives, for 0 < A < 0.109597/A,

log Zg(\) > Z % {W(d‘, log(1 + A))2 + 2W(d, log(1 + )\))} :
vev(e) =Y

[ Degree-sequence lower bound for log Z; ]
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