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Abstract

Davies, Sandhu, and Tan recently proved a lower bound on the expected size of an independent set
under the hard-core model using the occupancy fraction method. Their bound is tight in terms of the degree
sequence. We improve their fugacity range [0, 3/(A + 1)2], where A is the maximum degree of the graph, to
[0,0.0179/A] by carefully analyzing the argument. After this note was written, Davies, Sandhu, the author,
and Tan extended the bound to the multivariate setting with the fugacity range further improved to [0,1/A),
using a novel and cleaner method based on linear programming and matrix analysis.
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1 Introduction
Let G be a graph on the vertex set V', and let Z(G) be the set of independent sets in G. The occupancy fraction
is defined as ;
1 X rezie TN
Eg()) = T
n Ezez(e) A
Davies, Sandhu, and Tan [DST25] recently proved the following lower bound on the occupancy fraction.

Theorem 1 ([DST25, Theorem 1.3]). Let G be a graph and let d,, be the degree of a vertex u in G. Then with
A = max, ey (g) du, for any X € [0,3/(A+1)?],

1 A 1

- — == E A) < Eg(\). 1.1

n 2 1+ (dy+DA n D Brun W) < Ee(Y) (1.1)
ueV(G) u€V(Q)

In this note, we improve the fugacity range [0, 3/(A+1)?] to [0, ¢/A] for a small constant ¢ > 0, which can be
chosen as 0.0179362. This is done by using exact truncation identities rather than the rough Taylor-expansion
bounds used in [DST25], and by carefully estimating sums of cross-terms of the form ({, — (,)(dy, — d,) over
the edges.
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After this note was written, Davies, Sandhu, the author, and Tan [DSST26] extended the inequality to the
multivariate setting, with the fugacity range improved to A\, € [0,1/A) for all uw € V(G), using a novel and
cleaner method based on linear programming and matrix analysis. Thus, the purpose of this note is to record
how far the original approach of [DST25] can be pushed by a careful analysis.

Throughout the note, we assume 0 < A < ¢/A, where ¢ € (0,1) will be chosen later.

1.1 Proof sketch

For d > 0, let
A
d) = ——F—F—.
f(d) 1+(d+ 1A
We follow [DST25] up to the point where Theorem 1 is reduced to proving the antisymmetrized edge-sum
inequality

SO = (du — dy) Tuu(X) > 0, (1.2)
uveE
where

Tuw(N) = - .

1- ZIEN(u) f(d$ - 1) 1- ZZL’EN(’U) f(dw - 1)
Note that [DST25] uses A < 3/(A + 1)2 for this reduction, which can also be carried out under our assumption
A < ¢/A with ¢ € (0,1). We analyze this inequality under the weaker assumption A < ¢/A for a sufficiently

small absolute constant ¢ > 0. Below, we outline the proof and highlight how our argument differs from that of
[DST25].

(i) Ezpand the numerators and denominators. In [DST25], after rewriting the problem as a sum over edges,
the denominators 1 — N(w) f(d; — 1) are bounded by simple degree-only expressions and the summand is
then further lower-bounded by replacing neighbors’ degrees with worst-case values. This produces a cleaner
inequality but introduces losses of order A, leading to the range A = O(1/A?). In contrast, we do not collapse the
neighborhood information into a worst-case bound. Instead, we expand both the numerator A,, := f(d,—1) f(dy)
(Lemma 3) and the reciprocal denominator B, := (1 — F,)~! (with F, := > zen(u) J(dz —1); Lemma 5) up to
terms of order A\* and A2, respectively, keeping the antisymmetry between (u,v) and (v,u) explicit.

(ii) A structured leading term and the Laplacian norm || Ld||2. The expansion yields an explicit form (see (4.6)):
T (N) = 3(dy — du)N? + ((Hy — Hy) — (3(du + do) + 4)(du — du))A* + Ruu(N),

where H, = (Ld), = d?

u

— Y seN(u) bz and Ry, collects terms of order > 5. Here L = Diag(d) — G is
the combinatorial Laplacian of G. Multiplying by (d, — d,) and summing over edges shows that the main
contribution to S(A) can be expressed in terms of the Dirichlet sum & == Y - p(d, — d,)? and the squared
Laplacian norm ||Ld||3, via the identity

Z (du - dv)<Hu - H,) = HLng
uwvek

(#ii) Split and bound the remainder terms. A key technical difference is how one controls the error R, ()\).
Rather than bounding the full summand directly, we decompose the antisymmetrized remainder into a polyno-
mial tail part and “structured” pieces involving the remainders from the expansions of A, and B,,:

Ry, = Rggly + Rév + REU + RZ‘UB

We then bound the global remainder Y, - p(dy — dy) Ry, at the A3 scale by combining: (a) Lipschitz-type
estimates (Section 6.2) that turn differences like |R,,(A) — R, (A4)]| into |d,, — d,|-factors, and (b) energy estimates
that control cross-terms like (d,, — dy)(H, — Hy).

(iv) Conclusion. Combining the main term with the global remainder bounds shows that
S(A) > (1—6(c))A’¢  whenever A < ¢/A,

where ¢(¢) — 0 as ¢ — 0. This yields the desired improvement.



Notation

. £(d) A

T 1+ (d+ DA
* Dy = ZzGN(u) da

¢ Hi=d2 Dy =Y ,cnp(di—d)

e H = Ld, where L is the combinatorial Laplacian and d is the degree function.

o Ay = fldy—1)f(du)
o A(d) = f(d—1)f(d) = N* — (2d + 1)A? + (3d® + 3d + 1)A* + Ry(A)
 Fu=3 senw flde = 1) =dur - D\ + R, (F) (Lemma 4)

d2

— \3 x
¢ Ru(F)=A E: 1+ dy\
zEN (u)

o I, =1—F,
e B,=1/E,=1/(1-F,) =1+ d,\+ H,)? + R,(B) (Lemma 5)

-Tm,m:**%j: =D fd)  fldu—1)f(d)

1- ZIGN(u) f(dw - 1) 1—- ZIEN(’U) f(d:r - 1)

e The goal (1.2) states Z (dy — dy)Tuw(A) > 0.
uwveE

¢ &= (dy—dy)’

uveE

2 Basic setup

For each u € V(G),

0<Fu=Y flda—1)= Y 1+)\d)\g Y A=da<e
r zEN (u)

U TzEN(u)

xr~u

Hy < Y Jdu—da] < ) A<A

zEN (u) TEN (u)
We frequently use the following identities.

Lemma 2 (Exact truncation identities). For every t > 0,

! 1—t+ r
1+t 1+t
1 3
— =1—t+t?—
1+t + 141
For every z € [0, 1),
3
z
= 1 2 )
1= +z+z —i—l_
In particular, if 0 <t < c then ’%‘ <t3<A, andif0<z<c<1then0< sz < 1673(:'



3 Expansions of basic terms

In this section, we estimate A(d), F,, and B, using Lemma 2.

Lemma 3 (Expansion of A(d)). Recall A(d) = f(d—1)f(d). Define

/\2
g = (2d+ DA+ dd+ 1N\ >0 so that A(d) = .
1424
Then
A(d) = A% — (2d + 1)A® + (3d* + 3d + 1)A* + Ry(A), (3.1)
where 5
R4(A) == \? <2d(d +1)(2d + DA + d?(d +1)2\* — . id ) (3.2)
T4
and
|Ra(A)| < ra(c)c®A? where 14(c) — 39 as ¢ — 0.
Proof. This is a direct consequence of (2.5). O
Lemma 4 (Expansion of F,). Recall F, =5, . f(dy —1). Then
F, = d,\— D, ) + R, (F) (3.3)
where 2
= \3 z <. A4
Ry(F):=X* )~ T and |R,(F)| < ¢ (3.4)
€N (u)
Proof. (2.4) gives
1 d2\?
=1—d,\ .
T+ doh MR
Multiplying by A and summing over x € N(u) gives (3.3). In addition,
[Ru(F)[ < X* Y~ d2 < NA% < O
z€N (u)
Lemma 5 (Expansion of B,). Recall B, =1/E, =1/(1—F,). Then
By, =1+ d,\+ H, 4+ R,(B) (3.5)
where Ry, (B) :== B, — (1 + dy\ + H,\?) and
3
|Ru(B)| < 16_ — 4307 +2¢" = D (0). (3.6)
Proof. By (2.6),
By=— ' —14F,4+F+ i
“T1-F, N

Using H,, = di —D,,

By — (14 d )+ H\?) = (Fy — dy\ + DA + (F? — d?)\?) +

1-F,

By Lemma 4, the first bracket in (3.7) equals R, (F), and its absolute value is < ¢3.
For the second bracket,

F2 - 2)\? = (Fy + dy\)(Fy — dy\) = (Fy + du\) (=D )\ + Ry (F)).
Since 0 < F,, < ¢ by (2.1), D, < A% by (2.2), and |R,(F)| < ¢3 by (3.4),
|2 — d2 )2 < (c+c)(® + ) =2¢% + 2%
Also, 0 < F, < c< 1 gives FS p

< .
1-F, “1-c

Combining these estimates in (3.7) yields (3.6). O

0<



4 Estimate of T,,()\)

For each edge uv € E(G), define

Tuv()\) SZAUBu—Aqu:&—ﬁ: f(dv_l)f(dv) _ f(du_l)f(du)
E, E,

172%6]\/(“) f(dmf]') 1*erN(U)f(dz*1)-

Let R,(A) .= R4,(A). By Lemmas 3 and 5,
Ay = 2N+ a2+ b\ + Ry (A), B, =1+ d,\+ H  + R,(B),

where
ay = —(2d, +1), b, = 3d2+3d, + 1. (4.1)

We have

(A2 4 au X3 + b AN (1 + dud + H ) = X2+ (ay + du) N3 + (by + apdy + H )N + (bydy + ay Hy)N® + by H NS,

Define

Poly,,(A) == A2 4 (ay + du )X + (by + apdy + H )XY, TailPoY () == (bydy + ay H )N + b, H A®,  (4.2)

so that
(A2 4 auA® + by AN (1 + dy A + H,A%) = Poly,,, (M) + Tail?2¥ (A).

Then
Ay B, — Poly,,,(\) = Tail?% (A) + (A2 + ayA® + b, ARy (B) + (1 4 du) + H A2 Ry (A) + Ry (A)Ry(B). (4.3)

Define Ry, () so that
Tyw(X) = Poly,,,(A) — Poly,,,(A) + Ryy(N). (4.4)

We claim
Poly,, (A) — Poly,,(\) = 3(dy — dy)A* + ((H, — Hy) — (3(dy + dy) + 4)(dy — diy)) A", (4.5)
By definition,
Poly,,,(A) — Poly,,(A) = ((ay + du) — (ay + dy))N* + ((by + audy + Hy) — (by + audy + Hy)) AL
By (4.1), the A3 coefficient is
(ay +dy) — (ay +dy) = (—(2dy + 1) + dy) — (—(2dy + 1) + dy) = 3(dy — dy).
Also, the \* coefficient is

(by — b)) + (avdy — audy) + (H, — H,)
= (3(d; — d2) + 3(dy — du)) + (—(2dy 4+ 1)dy + (2dy + 1)d,) + (H, — Hy)
= —3(dy +dy,)(dy — dy) — 3(dy — dy) — (dy — dy) + (H, — H,)
= (H, — H,) — (3(dy + dy) + 4)(du, — do).

Thus, (4.5) follows.
Combining (4.4) and (4.5),

Toy(A) = 3(dyy — du) X + (Hy — Hy) — (3(dy + dy) + 4)(dy — dy)) A + R (V). (4.6)

5 Summing over edges

Let L := Diag(d) — G be the combinatorial Laplacian, where Diag(d) is the diagonal degree matrix and G is the
adjacency matrix. Then H = Ld, i.e., H, = (Ld),,. Define the Dirichlet sum of the degree function:



Recall that our goal (1.2) is to show
S(A) =Y (du = dy) Tuu(X) > 0.
uwel

Equation (4.6) states that
Tuo(N) = 3(dy — do)N? + ((Hy — Hy) — (3(du + do) + 4)(du — do))A* + Ruu ().

Multiplying this by (d,, — d,) and summing over uv € E yields

S(\) = 3\3E + )\4< Z (dy — dy)(H, — H,) — W) + R>5(N),

uwveE

where we define

W= > (3(du+ dy) +4)(dy — dy)?

uveE

and

Ros(A\) =Y (du — dy) Ruu(N).

uwveE

Lemma 6. For any functions a,b:V — R (viewed as column vectors in R ),

Z (au — ay)(by — by) = a' Lb.

uveE

Proof. The left-hand side is

Z (ay — ay)(by — by) = Z (aubu + ayby, — ayb, — avbu).

wek uww€eE
Since
Z (aubu +avbv) = Z du aubu and Z (aubv +avbu) = Z Z aubva
weE ueV weE u€V veEN (u)
we have
Z (au - av)(bu - bv) = Z duaubu - Z Z aubv = aT(Diag(d) - G)b = aTva
uwvekl ueV u€V veEN (u)
as claimed.

Apply Lemma 6 with a = d (the degree function) and b = H = Ld to get

> (du—dy)(H, — H)) =d"LH = d" L(Ld) = d" L*d = || Ld||3.

uwveE

Thus, (5.1) becomes

S(A) =3NE + N (||Ld||3 — W) + R>5(N).

Lemma 7. 0 < W < (6A+4) €.

Proof. Nonnegativity is immediate from the definition (5.2). For the upper bound,

W= " (3(dy +dy) +4) (dy — d,)> < Y (6A +4)(du — dyy)* = (6A + 4)E.

uveE uveE

6 Estimate of R>5(\)

Recall from (5.3) that

where, by (4.4),

RUU(A) = TUU ()‘) - POIYUu()‘) + POIYuv ()‘) = (AUBU - POIyyu ()‘)) - (AUBU - POlyuv()‘))



6.1 Estimate of the polynomial tail
Recall from (4.2) that the tail of the polynomial part of A,B,, is defined as

Taill? () = (bydy, + ay Hy )N + by H A°,
where a,, = —(2d,, + 1) and b,, = 3d?, + 3d,, + 1. Define
RPOY()) := Tail?°¥ (\) — Tail2%¥ ()).
Also define the corresponding contribution to the global remainder:

REY(N) = Y (du — dy) RSV (N).

uwveE

(6.1)

(6.2)

We first record some preparatory estimates. The combinatorial Laplacian L is symmetric positive semidefi-

nite and satisfies ||L||2 < 2A (e.g., by Gershgorin’s theorem). In particular, for any vector z,
' LP2 <|Lllzx"Lr <2A 2" La,
and likewise
2" LPr <||L|32"Lx < (2A)2 2 La.

Lemma 6 with a = b = x gives

Z (#y —x,)? =2 Lz.

uveE

Lemma 8.
> Hdu — do)(Hy — H,)| < 2AE.
uwveE

Proof. The Cauchy—Schwarz inequality gives

> = )it~ )] < (X - dv>2)m( S (- HU>2)1/2.

uveE uwveE uwveE

(6.3)

(6.4)

The first factor is £1/2. For the second factor, apply Lemma 6 with a = b = H to get Y wver (Hy — H,)? =
HTLH. Since H = Ld, we have H' LH = d' L3d, and (6.4) gives d' L3d < (2A)2d" Ld = (2A)%&. Thus, the

claim follows.
We now bound |Rg°51y()\)|,
Lemma 9 (The polynomial tail contributes at the A3 scale).
[REM (V)] < (1162 + 23¢%) A3 €.

Proof. By (6.1),
RYOY(N) = ((bydy — budy) + (ayHy — ayHy) )N + (by Hy — by Hy)AC.

Step 1: Bound the \° term. Putting b, = 3d2 + 3d,, + 1,
bydy — bydy = (dy — dv)(l — 3dudv).
Also, since a,, = —(2d,, + 1),

ayH, —ay,H, = —(2d, + 1)H, + (2d,, + 1)H,
= (dy —dy)(Hy + Hy) + (dy + dy + 1)(H, — Hy,).

Therefore,

(d — dy) ((bodyy — budy) + (ayHy — ayHy)) N> = N° [(du — dy)2(1 - 3dyd,)
+ (du - dv)Q(Hu + Hv)

+ (dy — dy)(dy +dy + 1) (Hy — Hy) |-

Summing (6.5) over uv € E, we bound the three terms as follows.

O

(6.5)



e A >1 gives |1 — 3d,d,| < 3A2, so

> (dy = dy)?[1 = 3dyd,| < BA*E.
uwveE

e By (2.3), |H,| < A?, hence |H, + H,| < 2A? so

37 (du— o) Hy + Hy| < 20°€.
wweE

e Finally, d, +d, + 1 <2A 4+ 1 < 3A, so by Lemma 8§,

> [(du = du)(du + dy + 1) (Hy = Hy)| <38 Y |(dy — dy)(Hy — Hy)| < 6A%E.
uwvekl uwveE

Multiplying by A5 shows that the total A5 contribution to |R;%ly()\)| is at most
(3+24+6)A%NE =11AZNE < 112 N3 €.
Step 2: Bound the A8 term. We write
byHy — by Hy = (by — bu)Hy + bu(Hy — H,).

For the first part, since b, — b, = (d, — d,,)(3(dy + d,) + 3) and |H,| < A% by (2.3),

> du = dy)(by = bu)Hul = > (du — dy)*(3(du + dy) + 3) | H.,|

weE uwvek

<> (dy—dy)?-9A - A?
uvelR
=9A3¢.

For the second part, using b, = 3d? + 2d, + 1 < 7A? together with Lemma 8,

N 1l = do)bu(Ho = H)| <3 ((dy — dy) (Hy — Hy)| - TA?
uwveE uveE
< 4A3E.

Thus, the A% contribution to |Rp°1y()\)| is at most

(9+14)A3N0 € <2363 N3 €.
Combining Steps 1 and 2 proves the lemma. O

6.2 Lipschitz and Lipschitz-type bounds for R4 and Rp

Lemma 9 shows that the polynomial-tail terms of orders A®> and A% already satisfy a bound at the A€ scale after
summing. To obtain an analogous bound at the A3€ scale for the full R>5(\), we decompose Ry, = RPOY + RISt

expand RS into antisymmetrized pieces involving R, (A) and R, (B), and then bound Y 5(dy — d, )Rff;,st
using:

e Lipschitz bounds (Lemmas 10 and 11) to produce factors of |d,, — d,|, and
e cnergy estimates for cross-terms of the form (d, — d,)(H, — H,), as in Lemma 8.
Lemma 10 (Lipschitz bound for R4). Let 0 < d,e < A. Then
[Ra(A) = Re(A)] < Ca(e)N’|d — el

where Ca(c) == 1663c>.



Proof. Recall

3
Rq(A) = \? (Qd(d +1)(2d + DA + d*(d + 1)2\* — 1 —T_d >
Zd

as defined in (3.2), where x4 = (2d + 1)\ + d(d + 1)A\2. Then

3 3
Ty Le 2

|R4(A) — Re(A)| < [2d(d+1)(2d+ 1) — 2e(e 4+ 1)(2e + 1)|A° + |d*(d + 1)* — e*(e + 1)*|A° + ’ Ttz 14z

We bound each term from above separately.
First, 2d(d + 1)(2d + 1) = 4d® + 6d? + 2d, so
12d(d+1)(2d 4+ 1) — 2e(e + 1)(2e + 1)| < 4]d® — €| + 6]d* — €|+ 2|d —e| < (4-3A% +6-2A +2)|d — €]
< 26A%d — e.
Second,

|d*(d+1)> —e*(e+1)%| = (d(d+ 1) +e(e+ 1)|d(d+1) —e(e +1)| = (d(d+ 1) + e(e + 1))(d + e+ 1)|d — €|
<4A? - 3A - |d —e| = 12A3|d — ¢.

Third, write i (x) = 1%5 for > 0. A direct calculation gives

2?34 2x)

P (x) = TETE < 2?(3 + 2z).

Also, z4 < 3¢+ 2¢% < 5¢, and
sup ¢/ (z) < (5¢)*(3 42 5c) < 3252
z€[0,5¢]

Moreover,
|Tg — ze| < [(2d +1) — (2e 4+ D)|A + |d(d + 1) — e(e + 1)|A? < 2|d — e[\ + 3A|d — e|A\? < 5|d — e,
so the mean value theorem yields

[Y(2q) — (we)| < sup P'() |zg — x| < 1625¢2 N |d — €.
z€[0,5¢]

Combining the estimates, we have
|Ra(A) — Re(A)| < 26A%d — e| - A° + 12A3|d — e| - \® +1625¢2\|d — e - A2 < (26¢2 + 12¢% + 1625¢*)N\3|d — ¢
< 1663c¢*X\3|d — e]. O
Lemma 11 (Lipschitz-type bound for Rg). For any vertices u,v € V,
|Ru(B) — Ry(B)| < Cp,1(c) Aldy — dy| 4+ Cp2(c) N*|Hy — Hy| + Cp3(c) |Ru(F) — Ry(F)|,
where Ry (F) is as in Lemma 4 and the coefficients are

1+ 2¢ 1 1
m, CByQ(C) = ]. + W, CB)g(C) = (1 — 0)2 .

Proof. Recall B, = (1 — F,)~! and R,(B) = B, — (1 + d,\ + H,\?) from (3.5). Therefore

Cpi(c) =1+

|Ru(B) - RU(B)| S |Bu - Bv| + )‘|du - dv| + )‘2|Hu - Hu| (66)

Next,
1 1 F, - F,
B, — B, = — = > z .
1-F, 1-F, (Q-F,)1-F,)

Since 0 < F,,, F,, < ¢, we have (1 — F,)(1 — F,) > (1 —c¢)?, so

|Fu_Fv|

B, - B,| £ —-.

Finally, by Lemma 4 we may write

F, = d,\ — D,)? + R, (F), F, = dy\A — D,)* + R, (F),



” F, — F, = \dy, — d,) — X(D,, — D,,) + (R.(F) — R,(F)).

Using D,, = d2> — H,, and D, = d?> — H,,, we have
D, — D, = (d® —d?) — (H, — H,) = (dy — dy,)(d, +d,) — (H, — H,),

hence
F,— F, = Xdy — dy) — N2(dy — dy)(dy + dy) + N2(H, — H,) + (R.(F) — R,(F)).

Therefore, using |d,, + d,| < 2A and AA < ¢,
|y — Fy| < X1 +20) |dy — dy| + N|Hy — Hy| + |Ru(F) — Ry(F)]. (6.8)

Combining (6.6), (6.7), and (6.8) yields

1
|Ru(B) 7RU(B)‘ < W(A(l Jr2C)|du - d1,| Jr/\2|[_Iu *HU| + |Ru(F) 7RU(F)|> Jr>‘|du *dv‘ +>‘2|Hu *Hv|
1+ 2c 1 ) 1
=1+ ——5 |Adu —d, 1+ —— |N|Hy — Hy| + —5|Ru(F) — Ry (F)|. O
(14 s Y = o+ (1 g )R = Bl + = s ) = R ()

Remark. Unlike Rq(A), the term R, (B) depends on the third-order neighborhood quantity R, (F') from Lemma 4;
consequently, a bound purely in terms of |d,, — d,| and |H, — H,| is not available without additional control on
|R.(F) — Ry(F)|. This is done in Lemma 12.

6.3 A structured global bound for R-5(\)

The goal of this subsection is to show

[R>5(N)| < U(c) A*E +E(c) A2 H(N);

the terms ¥(c), E(c), and H(A) will be defined below.

Let _
Ryu(N) = A, B, — Poly,,, ()

so that, by definition (4.4) of Ry, (X),

Ruy(A) = Tuw(A) = Poly,,, (A) + Poly,, (A)
= (A'uBu - AUB’U) - POIYUU,(A) + POlyuv ()‘)
= Ryu(A) — Rus(N).

Recall from Lemmas 3 and 5 that
Ay =2+ a N+ b\ +R,(4), B, =1+d,\+ H\ +R,(B),
where a, = —(2d, + 1) and b, = 3d? + 3d, + 1. Let
AST = A% 4 a A3+ b\, BS% =1+ d,\+ H,)\?, (6.9)
so that A, = AS* + R,(A) and B, = B=% + R, (B). Also, by (4.2),
Poly,,(A\) = A2 + (ay + du )X + (by + aydy + H )N = ASTBS2 — Tail?2 ()).

Using |a,| < 3A, b, < TA2, |H,| < A2, and AA < ¢, we record the bounds

JASY) = A2 4 4, A% + b, X < X2 (1 + 3¢+ 7c?) = A2 M (e), (6.10)
B2 = [1+duA+ H\?| < 1+ ¢+ = Mp(o), (6.11)

where
Ma(c) =1+3c+7,  Mp(c)=1+c+c (6.12)

10



Decomposition of the antisymmetrized remainder

Expanding A, B, using (6.9) and subtracting Poly,,, gives

Ryu=  TailP®% 4+ AS'R,(B)+ BE2R,(A) + R, (A)R,(B).
——
pure polynomial tail Rp part Ra part RA - Rp part
Therefore, _ _
Ruv = Rou(N) — Rup(A) = RPOY 4 RA |+ RB | RAB
where
RPOY = TajlPo — TailPol (as defined in (6.1)),

RA = BS?R,(A) — B=’R,(A),

Ry, = AF'R,(B) — AE R, (B)
Consequently,

|Ros(A)] < [RZSY (V)| + | RE; (V)] + |RE; (V)] + [REF (V) (6.13)

where RL,(N) =3, cp(du — dy) R}, (X) for x € {poly, A, B, AB}. Note that RPOIY( A) was already defined in
(6.2). We bound each term on the right-hand side.

(1) Polynomial tail. By Lemma 9,
[R22Y(N)] < (11c* +23¢°) A3 €. (6.14)

(2) The R* part. Write
Rfv = (352 - BUSQ)Rv(A) + B’U§2(RU(A) - Ru(A))

For the first term, since BS2 — B=2 = \(d, — d,) + A\*(H, — H,),

S Jdu — do| (B2~ BE)R,(A) < Y |du — do| [Ru(A)| (Nl — du| + N2|H,, — H.|)

wek uwwek
= 3 MR Ay — duf? + 3 N|Ru(A)ldu — | H, — H|
wveFR uwveFE

< Nra(e)ed €+ )\41"A(c)03 2AE
<ra(e)(1+20)3 N3¢,

using [Ra(d)| < 74(c)c*A? (Lemma 3) and Lemma 8.
For the second term, Lemma 10 and |B52| < Mp(c) from (6.11) give

Z |du = do| | B5*(Ry(A) = Ru(A))] < Z |du = dy| - Mp(c) - Ca(c)N’|dy — do|

= MB(C)CA(C) /\3 E.
Therefore,
RN =] > (du — dv)Rf}v(/\)‘ < (Mp(e)Ca(c) +ra(c)(1+2¢)®) N3 €. (6.15)
uwveE

(3) The RP part. Write
Ry, = (AF" = AZY)Ru(B) + AT (Ru(B) — Ru(B)).

For the first term, usmg the definition AS* = \2 + a1,>\3 +b,A\* in (6.9) together with |a, — a,| = 2|d, — d,|
and |by, — by| = |(dy — du)(3(du +d)+3)|§9A\d dy|,

|AS* — ASY = |(ay — au) A3 + (by — b)) MY < 2X3|dy, — dy| + 9ANYdy — dy| < (24 96)N3|dy, — doy).
With |R,(B)| < ®5(c) by (3.6), this gives

D Jdu — do| [(A5* = AS*)Ru(B)| < (24 90)0p(c) A E. (6.16)
weE

For the second term, by Lemma 11,

|R.(B) — R,(B)| < Cpa(c)Ady — dy| + Cpa(c)\?|H, — H,| + Cp3(c)|Ru(F) — R, (F)|.
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Hence, using |AS% < A2M4(c) by (6.10),

D Jdu — dy| A (Ru(B) — Ru(B))| < Ma(c)Cp1(c)A* €
uveFR
+ Ma(c)Cr2(c)A* Y |dy — dy||Hy — H,|
uveFE
+ Ma(e)Cp3(c)A* Y |du — do||Ru(F) — Ry(F)|. (6.17)
uveFE

Using Lemma 8 in the middle line gives

Ma(c)Cp ()X D |dy — dy|[Hy — Hy| < Ma(c)Cpa(c)\*-2AE

uwwekl
< 2cMa(c)Cpa(c) N2 E. (6.18)
Combining (6.16), (6.17), and (6.18),
REWI=| 3 (@ - d)RE W)
uveE
< ((2 +9¢)®p(c) + Ma(c)(Cpalc) + 2¢ OB,Q(C))))\BE + Ma(c)Cpa(c) N2 H(N), (6.19)

where

= D ldu = do||Ru(F) = Ro(F)].

uwweFrR
(4) The R* - RB part. Similarly,

i = (Ry(A) = Ru(A)Ru(B) + Ru(A)(Ru(B) — Ru(B)).
Using Lemmas 8, 10, and 11, |R,(B)| < ®5(c) by (3.6), and |R,(A)| < 74(c)c*A\? by Lemma 3,

|R12453()‘)| < Z |du - dv| ' |RU(A) - Ru(A)||Ru(B)| + Z |du - dv| ' |Ru(A)HRu(B) - Rv(B)‘

uwvelR uwvelR
<Y |du = do| - Ca()XP|dy — dy| - (c)
uwveE
+ Z |dy — do| - Ta(c)® N - (Cpa(c) A|du — do| + Cp2(c) N*|Hy, — Hy| + Cp 3(c) |Ru(F) — Ry(F)])
uveE
= Ca(0)Pp()NE +14(c)*Cr1()NE +7a(c)PCpa(c) At - 2AE + 1 4(c)*Cr 3(c)\*H
< (OA(c)q>B(c) +ra(0)PCra(c) + 2rA(c)c4oB,2(c))A35 +74(c)PCp.3(c)AMH. (6.20)

Conclusion. Combining (6.13), (6.14), (6.15), (6.19), and (6.20), we arrive at the promised bound

|R>5(\)] < () M E+E(c) N2 H(N), (6.21)
where
U(c) = (11c% + 23¢%) + (MB(C)CA(C) Fra(e)1+ 2c)c3)
- <(2 +9¢)®5(c) + Ma(c)(Cp.a(c) +2¢ CB,2(C>))
+ (CA(C)@B(C) +rale)e®(Coalc) + 2603,2(@))
and

E(c) == Cps(c) (MA(C) + T‘A(C)Cg).

6.4 Bounding H(\) by A&

Recall
= Y |dy — d||Ru(F) = Ry(F)|, €= (du—dy),

uwveE uveE
and




Lemma 12 (A bound at the A& scale for H())).
H(N) <T(c)NE, where  T(c) == (11 4 4c)c>.

Proof. Define

t2
MO =1
for t > 0, so that R, (F) = A3 > wen(u) Pdz).
Step 1: A Taylor expansion of R, (F). We compute
2 2

<o
(14N (L+tA)3 =

Fix w € V. For each x € N(u), Taylor’s theorem (with remainder) gives
1
h(dy) = h(dy) + 1 (dy)(ds — dy) + gh”(ﬁm)(dx —d,)?

for some &, lying between d, and d,. Since %h"(guz) < 1, summing over z € N(u) yields

> h(de) = duh(d) + B (du) D (de—du) +eu,  leu < > (dp —du).

€N (u) €N (u) €N (u)
Using 3 e vy (do — du) = = 2o en(w)(du — do) = —Hy, we obtain
Ry (F) = N(dyh(dy) — B (du)Hy) + Neu, lew| < Vi,

where

Step 2: A bound on |Ry(F) — R,(F)|. Let

3
P =dnd)= 7L 6 =@ =GR

From (6.22),

|Ru(F) = Ro(F)| < N|F(dy) = F(du)| + N|G(du) Hy — G(do) Ho| + X (Jeu] + leu]).

We bound each term.
(i) The F' term. Differentiating F' gives

23+ 2d))

F'(d) = Ve < d?(3+2d)\) < A%(3 + 20).

Hence
N|F(dy) — F(dy)| < N3+ A2(3+2¢) - |du — do| < (3 +26)2 N |dy — d|.

(ii) The G term. We use
|G (du)Hy — G(do)Hy| < [G(du) — G(do)] |Hu| +|G(dy)| [Hy — Hol.
First, since G'(d) = h''(d) = 2/(1 + d\)® < 2, we have
|G(dy) — G(dy)| < 2|dy — dy)-
Also, |H,| < A%, and

LRGN o) < A2+ o).

|G(dv)‘: (1+dv>\)2 = Y

Therefore

NG (dy)Hy — G(dy)Hy| < A2 -2|dy —dy| - A2 + X - A2+ ¢) |H, — H,|
=262 \|dy — dy| + (2 + ¢)c N2|H, — H,|.
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(ii) The Taylor-error term. From (6.22), |e,| <V, so
N (leul + leo]) < X (Vi + V2.

Putting (6.24), (6.25), and (6.26) into (6.23),

|Ru(F) — Ry(F)| < (54 2¢)*N|dy — dy| + (2 + €)c N2 |H, — Hy| + N (Vi +V4).

Step 8: A bound on ), pldy — dy|(Vy +V,). From

D (Vut+ V)= dVu<AD V,

uveE ucV ueV
and
SV= Y Y e d =2 Y () =2
ueV u€V zeN (u) uveE

using |d,, — d,| < A, we get
D ldy = dy|(Vu+ Vi) S A A28 = 2A%E.

uwvel

Combining (6.27), (6.28), and Lemma 8 yields

= Y ldu — dul| Ru(F) = Ry (F)|

uwveE

< (542N Y Ndy —do* + 24 )X Y |dy — dy|[Hy — Hy| + X > |dy — do| (Ve + V2)

uveE uveE wveE
(54 2¢)ANE + (2 + €)cA? - 2AE + N3 - 2A%E
(54 20)NE +2(2 4 ¢)PAE + 2¢°\E
= (11 +4c)2)\E,

<
<

which proves the lemma.

7 Conclusion

(5.4) states
S(A) = 3X3€ + N (|| Ld||3 — W) + R>5()).

By Lemma 7 and since A > 1,
0<W <10AE.

(6.21) states
|R>5(\)] < () NP E+Z(c) N2 H(N).

Also, Lemma 12 gives

H(N) <T(c) AE.

Combining,

S(A) > (3= ¥(c) — E(c)T(c) — 10c) N’€.
Recall that

U(c) = (116 + 23¢%) + (MB(C)CA(C) Fra(e)(1+ 2c)c3)
+ (2 +99@5(c) + Ma(e) (Cr.(c) +20Cr2(c))
Jr

(Cal0®5(0) +ra(e)c* (Cra(e) +2¢Cpa(c)) ),

2(c) = Cp(c )(MA( )+ (3¢ + 202)3), T(c) = (11 + 4e)c?
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As ¢ — 0,

3

Dp(c) = T 3¢® +2¢t — 0, (Equation (3.6))
ra(c) — 39, (Lemma 3)
Ca(c) =1663c* — 0 (Lemma 10)
Cpi(c)=1+ L 2e —2 (Lemma 11)
B,1 — (1 — 8)2 )
1
Cpa(c)=1+ TEDE — 2, (Lemma 11)
1
Cps(c) = (=T -1 (Lemma 11)
Mu(c) =14 3c+7c — 1, (Equation (6.12))
Mg(c)=1+c+c =1 (Equation (6.12))

Therefore, as ¢ — 0, we have ¥(c) — 2, Z(¢) — 1, and I'(¢) — 0. Hence, by (7.1), there exists ¢ € (0,1) such
that S(A) > 0, which can in fact be chosen as ¢ = 0.0179362. This concludes the proof.
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